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Curvas de Nivel

Curva de nivel: conjunto de pontos no plano xy onde

flx,y)=c

para uma constante ¢
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Superficie de Nivel

Superficie de nivel: conjunto de pontos onde

,f‘(3(7 3)7 Z) =cC

para uma constante ¢
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Exemplo

A 0.8141

| = 0.8141
. = (.6964
~ -: 0.5786
0.4608
0343

: 0.2252
0.1074
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= -0.3638

= -0.4816

m— -0.5994

y\Lv" o TN - -0.7172
- 0

= .835
¥ -0.835
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Exemplo

DB: noise.silo DB: noise.silo
Cycle:0 Cycle:0
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Exemplo




Exemplos
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Descreva e esboce as curvas de nivel da funcio f(x,y) = 100 — x* — 3
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Exemplo 1 - Solugédo

Para cada valor ¢ < 100
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Exemplo 1 - Solugédo

Para cada valor ¢ < 100

fxy)=¢
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Exemplo 1 - Solugédo

Para cada valor ¢ < 100

fxy)=¢

100—x2—y2=c
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Exemplo 1 - Solugédo

Para cada valor ¢ < 100

flxy)=c
100—x2—y2=c

—x*— 9" =¢c—100
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Exemplo 1 - Solugédo

Para cada valor ¢ < 100

16/47



Exemplo 1 - Solugédo

Para cada valor ¢ < 100

flxy)=c
100—x2—y2:c
—x*— 9" =¢c—100

x2+y2:100—c

As curvas de nivel sdo circunferéncias centradas nas origem de raio /100 — ¢

16/47



Exemplo 1 — Curvas de Nivel
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Exemplo 2

Descreva as superficies de nivel da funcio f(x,y,z) = \/x? + y* + 22
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Exemplo 2 - Solucédo

Para cada valor ¢ > 0
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Exemplo 2 - Solucédo

Para cada valor ¢ > 0

flx,y,2) =c
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Exemplo 2 - Solucédo

Para cada valor ¢ > 0

flx,y,2) =c

/x2+y2+22:c
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Exemplo 2 - Solucédo

Para cada valor ¢ > 0

flx,y,2)=c
/x2+y2+22:c

x2+y2+22202
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Exemplo 2 - Solucédo

Para cada valor ¢ > 0

fxy,z)=c
/x2+y2+22:c

x2+y2+22:c‘2

As superficies de nivel sdo esferas centradas na origem de raio c
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Exemplo 2 — Curvas de Nivel
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Exemplo 3

Descreva e esboce as curvas de nivel da funcio f(x,y) = xy

21/47



Exemplo 3 - Solucédo

Para cada valor ¢ # 0
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Exemplo 3 - Solucédo

Para cada valor ¢ # 0

f(x,y) =¢c
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Exemplo 3 - Solucédo

Para cada valor ¢ # 0

f(x,y) =¢c

xXy=-¢c
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Exemplo 3 - Solucédo

Para cada valor ¢ # 0
flxy)=c
xy=c

c
y==
x
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Exemplo 3 - Solucédo

Para cada valor ¢ # 0

flx,y)=c
xXy=-=c

C

y=-

X

Parac=0,oux=0o0uy =20
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Exemplo 3 — Curvas de Nivel




Exemplo 4

Descreva e esboce as curvas de nivel da funcdo f(x,y) =In (9 —x* - y?‘)
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Exemplo 4 - Solucédo

Dominio de f
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Exemplo 4 - Solucédo

Dominio de f

9—x*—3">0
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Exemplo 4 - Solucédo

Dominio de f
9—x*—3">0

9> x* +
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Exemplo 4 - Solucédo

Dominio de f
9—x*—3">0
9> x* +

X+ y < 3
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Exemplo 4 - Solucédo

Dominio de f
9—x*—3y*>0
9> x* +
X+ <3

Disco aberto centrado na origem de raio 3
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Exemplo 4 - Solucédo

Dominio de f
9—x*—3y*>0
9> x* +
X+ <3
Disco aberto centrado na origem de raio 3

Imagem:
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Exemplo 4 - Solucédo

Dominio de f
9—x*—3y*>0
9> x* +
X+ <3
Disco aberto centrado na origem de raio 3

Imagem: a fungéo assume valores no intervalo ( — 00,1n(9) }
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)

flx,y)=c
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)

In(9-x"—y") =c
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)

fley)=c
In(9-x"—y") =c
9—x*—y =€

26/47



Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)
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Exemplo 4 - Solucédo

Para cada valor ¢ < In(9)

flx,y)=c
ln(9—x2—y2):c
9—x2—y2:e
—x* =y =e-9

JCZ %_ 3/2 — 9 . eC

As curvas de nivel sdo circunferéncias centrada nas origem de raio /9 — e¢
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Exemplo 4 — Curvas de Nivel

AN
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Exemplo 5

Encontre a equagio e esboce a curva de nivel da fungio

2y — x

f(xd’):m

que passa pelo ponto (—1,1)
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Exemplo 5 — Solucédo

C:f(_171)
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Exemplo 5 — Solucédo

c=f(-1,1)
2y — x
x+y+1

(_171)
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Exemplo 5 — Solucédo

c=f(-1,1)
2y — x
x+y+1

(_171)
_2x1—(-1)
(D) +1+1
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Exemplo 5 — Solucao

C:f(_171)

2y — x
x+y+1

(=1.1)

2x1—(-1)
IRCES T
241

c -

1
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Exemplo 5 — Solucao

C:f(_171)

2y — x
x+y+1

(_171)
_2x1—(-1)
(-1 +1+1

29/47



Exemplo 5 — Solucédo

flx,y)=3
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Exemplo 5 — Solucédo

flx,y)=3
2y —x
x+y+1
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Exemplo 5 — Solucédo

flx,y)=3
2y —x
x+y+1

2y—x=3(x+y+1)
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Exemplo 5 — Solucédo

flx,y)=3
2y —x
x+y+1

2y—x=3(x+y+1)

2y —x=3x+3y+3
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Exemplo 5 — Solucédo

flx,y)=3
2y —x
x+y+1

2y—x=3(x+y+1)
2y —x=3x+3y+3

2y —3y=3x+x+3
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Exemplo 5 — Solucédo

flx,y)=3
2y —x
x+y+1

2y—x=3(x+y+1)
2y —x=3x+3y+3
2y —3y=3x+x+3

—y=4x+3
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Exemplo 5 — Solucédo

flxy) =3
2y —x
x+y+1

2y —x=3(x+y+1)

2y —x=3x+3y+3

2y —=3y=3x+x+3
—y=4x+3
y=—4x-—-3

30/47



Exemplo 5 — Solucédo

flxy) =3
2y —x
x+y+1

2y—x=3(x+y+1)

2y —x=3x+3y+3

2y —3y=3x+x+3
—y=4x+3

y=—4x-—-3

A

N

AN

N2
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Exemplo 6

Encontre a equagio e esboce a curva de nivel da fungio

fly)=vxt—1

que passa pelo ponto (1,0)
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Exemplo 6 — Solucdo

Dominio

¥ —=1>0
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Exemplo 6 — Solucdo

Dominio

¥ —=1>0

xzzl
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Exemplo 6 — Solucdo

Dominio

¥ —=1>0

xl\)
vV

1

3
\Y

1
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Exemplo 6 — Solucdo

Dominio

¥ —=1>0

xl\)
vV

1

3
\Y

1

x<—-1 ou x>1
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Exemplo 6 — Solucdo

Dominio

c=f(1,0)

¥ —=1>0

xl\)
vV

1

1

3
\Y

x<—-1 ou x>1
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Exemplo 6 — Solucdo

Dominio
c=f(1,0)
xX*—1>0
2 c=vVx2—-1
xz1 (1,0)
x| > 1

x<—-1 ou x>1
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Exemplo 6 — Solucdo

Dominio
c=f(1,0)
xX*—1>0
2 c=vVx2—-1
xz1 (1,0)
x| > 1

c=v1-—-1
x<—-1 ou x>1
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Exemplo 6 — Solucdo

Dominio

¥ —=1>0

v

Vv

1

1

-1

ou x>1

c=f(1,0)

c=vVx2—-1

(1,0)
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Exemplo 6 — Solucdo

f(x,J/):O
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Exemplo 6 — Solucdo

f(x,J/):O

x>—1=0
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Exemplo 6 — Solucdo

flx,y)=0
x2—1=0

X¥—1=0
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Exemplo 6 — Solucdo
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Exemplo 6 — Solucdo

flx,y)=0
x2—1=0
X¥—1=0
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Exemplo 6 — Solucdo

flx,y) =0
x2—1=0
¥ =1=0
=1
x| =1
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Exemplo 6 — Solucdo

y AN
2..
flx,y)=0
XX —1=0 o
xX—1=0 ¢ N
-2 —1 2
=1 T
71--
x| =
x==1 271
~
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Exemplo 7

Encontre uma equacio para a superficie de nivel da funcao

_ X—y+z
f(x7y7z)_ 2x—{—y—z

que passa pelo ponto (1,0, —2)
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Exemplo 7 — Solucédo

Dominio

2x+y—z#0
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Exemplo 7 — Solucédo

Dominio

2x+y—z#0

2x+y # z
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Exemplo 7 — Solucédo

Dominio
2x+y—z#0
2x+y # z

z#2x+y
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Exemplo 7 — Solucédo

c=f(1,0,—2)
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Exemplo 7 — Solucédo

c=f(1,0,—2)

XxX—y+z
c=————
2x+y—z

(1,0,—2)
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Exemplo 7 — Solucédo

c=f(1,0,-2)
_X—y+tz
€= 2x+y—z (1,0,—2)
1-0—-2

‘Tax1t0— (-2
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Exemplo 7 — Solucédo

c=f(1,0,-2)
_X—y+tz
€= 2x+y—z (1,0,—2)
1-0—-2

‘Tax1+0-(-2)
—1

c=—
4
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Exemplo 7 — Solucédo

f(x7y72> = _i
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Exemplo 7 — Solucédo

1
f(x7y72> - _Z
x—y+z 1

2x+y—z_ 4
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Exemplo 7 — Solucédo

1
f(x7y72>__z
x—y+z 1

2x—i—y—z_ 4
—4(x—y+z)=2x+y—z
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Exemplo 7 — Solucédo

1
f(x7y72>__z
x—y+z 1

2x—i—y—z_ 4
—4(x—y+z)=2x+y—z

—4x+4y—4z=2x+y—z
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Exemplo 7 — Solucédo

1
f(x7y72>*_z
x—y+z 1

2x+y—z 4
—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z

—4z+z=2x+y+4x—4y
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Exemplo 7 — Solucédo

1
f(x7y72>*_z
x—y+z 1

2x+y—z 4
—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z

—4z+z=2x+y+4x—4y

—3z=6x—3y
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Exemplo 7 — Solucédo

f(x,y,z) -7

x—y+z
2x+y—z 4

—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z
—4z+z=2x+y+4x—4y
—3z=6x—3y
z=—-2x+Yy
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Exemplo 8

Encontre a equagdo e esboce para a superficie de nivel da funcdo

_ X—y+z
f(x7y7z)_ 2x—{—y—z

que passa pelo ponto (1,0, —2)
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Exemplo 8 — Solucédo

Dominio

2x+y—z#0
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Exemplo 8 — Solucédo

Dominio

2x+y—z#0

2x+y # z
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Exemplo 8 — Solucédo

Dominio
2x+y—z#0
2x+y # z

z#2x+y
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Exemplo 8 — Solucédo

c=f(1,0,—2)
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Exemplo 8 — Solucédo

c=f(1,0,—2)

XxX—y+z
c=————
2x+y—z

(1,0,—2)
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Exemplo 8 — Solucédo

c=f(1,0,-2)
_X—y+tz
€= 2x+y—z (1,0,—2)
1-0—-2

‘Tax1t0— (-2
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Exemplo 8 — Solucédo

c=f(1,0,-2)
_X—y+tz
€= 2x+y—z (1,0,—2)
1-0—-2

‘Tax1+0-(-2)
—1

c=—
4
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Exemplo 8 — Solucédo

f(x7y72> = _i
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Exemplo 8 — Solucédo

1
f(x7y72> - _Z
x—y+z 1

2x+y—z_ 4
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Exemplo 8 — Solucédo

1
f(x7y72>__z
x—y+z 1

2x—i—y—z_ 4
—4(x—y+z)=2x+y—z
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Exemplo 8 — Solucédo

1
f(x7y72>__z
x—y+z 1

2x—i—y—z_ 4
—4(x—y+z)=2x+y—z

—4x+4y—4z=2x+y—z
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Exemplo 8 — Solucédo

1
f(x7y72>*_z
x—y+z 1

2x+y—z 4
—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z

—4z+z=2x+y+4x—4y
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Exemplo 8 — Solucédo

1
f(x7y72>*_z
x—y+z 1

2x+y—z 4
—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z

—4z+z=2x+y+4x—4y

—3z=6x—3y
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Exemplo 8 — Solucédo

f(x,y,z) -7

x—y+z
2x+y—z 4

—4(x—y+z)=2x+y—z
—4x+4y—4z=2x+y—z
—4z+z=2x+y+4x—4y
—3z=6x—3y
z=—-2x+Yy
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Exemplo 9

Encontre a equacdo e esboce para a superficie de nivel da funcéo

f(x,,2) = x—y—1In(z)

que passa pelo ponto (3, —1,1)
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Exemplo 9 — Solucédo

Dominio
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Exemplo 9 — Solucédo

Dominio

x—y=>0
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Exemplo 9 — Solucédo

Dominio

x—y=>0

x>y
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Exemplo 9 — Solucédo

Dominio
x—y=>0

x>y

z>0
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Exemplo 9 — Solucédo

c=f(3,—-1,1)
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Exemplo 9 — Solucédo

c=f(3,—-1,1)

c=+/x—y—In(z)

(3,—-1,1)
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Exemplo 9 — Solucédo

c=f(3,—-1,1)

c=+/x—y—In(z)

(3,—-1,1)

c=+3—(—1)—1In(1)
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Exemplo 9 — Solucédo

c=f(3,—-1,1)

c=+/x—y—In(z)

(3,—1,1)
c=1/3— (1) — In(1)

c=14
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Exemplo 9 — Solucédo

c=f(3,—-1,1)

c=+/x—y—In(z)

(3,—-1,1)

c=+3—(—1)—1In(1)
c= 4
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Exemplo 9 — Solucédo

f(x’%z):z
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Exemplo 9 — Solucédo

f(x’%z):z

Vx—y—In(z) =2
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Exemplo 9 — Solucédo

f(x’y7z):2
Vx—y—In(z) =2

Vx—y=2+In(z)
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Exemplo 9 — Solucédo

f(x’y7z):2
Vx—y—In(z) =2

Vx—y=2+In(z)

—4x+4y—4z=2x+y—z
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Exemplo 9 — Solucédo

f(x’y7z):2
Vx—y—In(z) =2

Vx—y=2+In(z)

—4x+4y—4z=2x+y—z

—4z+z=2x+y+4x—4y
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Exemplo 9 — Solucédo

f(x,y,z):2
Vx—y—lIn(z) =2

Vx—y=2+In(z)
—4x+4y—4z=2x+y—z
—4z+z=2x+y+4x—4y

—3z=6x—3y
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Exemplo 9 — Solucédo

f(x,y,z):2
Vx—y—lIn(z) =2

Vx—y=2+In(z)
—4x+4y—4z=2x+y—z
—4z+z=2x+y+4x—4y
—3z=6x—3y

z=—-2x+Yy
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Lista Minima
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Lista Minima

Calculo Vol. 2 do Thomas 12% ed. — Secédo 14.1

1. Estudar o texto da secdo

2. Resolver os exercicios: 17-23, 31-36

Atencao: A prova é baseada no livro, ndo nas apresentacdes
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