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Regra da Cadeia
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Regra da Cadeia em uma variavel
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Caso 1
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Regra da Cadeia — Caso 1

Uma variavel independente e duas variaveis intermediarias

Se w= f(x,y) édiferenciavel e se x = x(t) e y = y(t) sdo derivaveis

a composta w = f(x(t), y(t)) serd uma funcéo derivavel de e

T = F0.3(0) GO + (w0, 50) o
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Regra da Cadeia — Caso 1

w:f(xay)
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Calcule a derivada de w = xy com relagao a t ao longo do caminho
x = cos(t) y = sen(t)

T
Qual o valor da derivada em t = 5
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Exemplo 1 - Solugédo

Pela regra da cadeia

dy _owds  owdy
dt  Oxdt Oy dt
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Exemplo 1 - Solugédo

Calculando as derivadas separadamente

w0 ok
8x_8xxy_y8x_y

ow 0 0y
ay oy T ey

dx d
- = Jtcos(t) = —sen(t)
dy d

o = Esen(t) = cos(t)
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Exemplo 1 - Solugédo

dw  Owdx L ow Ow dy
dt  Oxdt 9y dt

— %(xw %(cos(t)) + %(xy) d (sen(t))

= y(—sen(t)) + x(cos(t))
= (sen(1)) ( —sen(t)) + (cos(t)) (cos(t))
= —sen’(t) + cos®(t)

= cos(2t)

10/43



Exemplo 1 - Solugédo

CZ—‘: (g) = cos(2t) .
= COS (2%)
= cos(m)

11/43



Com Trés Variaveis

Se w= f(x,y,z) édiferenciavel
ese x =x(t), y= y(t) e z= z(t) sdo derivaveis

a composta w = f (x(t), y(t), z(t)) seré uma funcéo derivavel de t e

%«v a g_{c(xU%W),z(t)) %(t)
P d
+ 5 (0,300, 2(0) S0
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Regra da Cadeia — Caso 1

w:f(x,y,z)

ow
Jy
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Caso 2
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Regra da Cadeia — Caso 2

Funcoes definidas em superficies

Se w= f(x,y,z) é diferenciavel

ese x =x(r,s), y=y(r,s) e z=z(r,s) sdo derivaveis

a composta w = f(x(r,s), y(r,s), z(r,s)) serd uma funcéo das derivaveis r e s
e tera duas derivadas parciais

Ow_ofox  ofoy  ofos
or  OxOr 0Oyor 0z0r

ow_ofox  ofoy  ofo:
ds  Ox0s 0Oy0ds 0zO0s
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Regra da Cadeia — Caso 2

w= f(z,y,2) w= f(z,y,2)

ow
ox

or
or
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Exemplos
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Exemplo 2

ow w
Expresse — e — emtermosderes

or Os

w=x+2y+72 x=" y = r* +1In(s) z=2r
s
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Exemplo 2 - Solucédo

Pela regra da cadeia

Ow _wdx  Owdy | wos
or  OxOr 0Oydr 0z 0r

0w _owox  Owdy  Owds
ds OxO0s 0yds 0z0s
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Exemplo 2 - Solucédo

Calculando as derivadas separadamente

ow 0 )

a = Ec(x+2y—|—z) =1
(Z)_;,V = %(x—l—Zy—{—zz) =2
ow

B = %(x—i—Zy—{—zz) = 2z
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Exemplo 2 - Solucédo

ox
or

or

0z
or

¥l

le

e

—~
[\
~

~—

I
[\

ox
Os

Os

0z
Os

o (r 0 )
5 (5) = a0
J ., 1
E(r —l—ln(s)) =
0
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Exemplo 2 - Solucédo

Ow _Owdx 0wdy Owdz
or  OxOr 0Oydr 0z 0r
Ox 0y 0z

=10 4222 427~
8r+ 8r+ Zc?r

1
=1-+2(2r) + 222
s

1
=—-+4r+14z
s

1
= — +4r+4(2r)
s

1
= -+ 12r
s
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Exemplo 2 - Solucédo

Ow_owox  Owdy 0wds
Os Ox0s Oyds 0z0s
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Exemplo 3

ow w
Expresse — e — emtermosderes

or Os

w=x*+y° x=r —s y=r"+s
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Exemplo 3 - Solucédo

Pela regra da cadeia
Ow _owdx  owdy
or  OxOr 0Oy or
Ow_ owox  owdy
ds  OxO0s Oy 0s
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Exemplo 3 - Solucédo

ox 0,5 ,
a0 = A — = 3r
or 8r<r S)
Calculando as derivadas 9

y 2 3

Ow o , ) E:E(r—ks):Zr

—_— = — +y) = 2x

Ox (9x(x

ow 0 ,, N

8_y_@(x+y)_2y %:6%(’,3_32):_23
Jy

Bs = %<r2+s3) = 3¢
S

26/43



Exemplo 3 - Solucédo

Ow _owdx  owdy
or  Oxor 0Oy or

= 2x3r + 2y2r
=6(r — ) +4(r* + )r
= 6r° — 65°r’ +4r° +4s°r

= 6r° + 4r’° — 6r*s* + 4rs’
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Exemplo 3 - Solucédo

0w _owdx | owdy
Js Ox O0s 0Oy Os
= Zx% + Zy@
Os Os
= 2x (—2s) + 2y3s°
= —4(r’ — *)s+ 6(r* +5°)s°

= —4r’s+4s° + 6r*s* + 65°
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Exemplo 4

Considere z = sen (x2 + yz) onde x =st e y=2s+1

z
Encontre —
Os
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Exemplo 4 - Solucédo

Pela regra da cadeia

0: _0z0x | 0z0y
ds  OxO0s 0yO0s
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Exemplo 4 - Solucédo

Oz 3} 0

a:asen(xzjtyz) :cos(x2+y2)a(x2+y2) = cos(x* + y*)2x
05 _ 0 o) ety Dt y) — con(at
9y 8ysen(x +9°) = cos (x +y)ay(x +9%) = cos(x* +y")2y
0x 0

a:a(sw =t

dy

——2(2+t)—2
83_8ss n
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Exemplo 4 - Solucédo

0: _0:0x 020y
ds  OxO0s 0yO0s
dy

+ 2y cos (x2 + yz) Ds

Ox
Os
= 2xcos (x2 + y2) I+ 2ycos (x2 + yz) 2

= 2xcos (x* + ¥°)

= (2xt + 4y) cos (x* + y°)
= [2(st)t + 4(s + )] cos ((st)* + (s + 1)?)

= (2st” + 4s + 4t) cos (1 + (s + 1)?)
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Exemplo 5

Seja w = 7% onde x = r* + 4s, y=2r—3s,z=rs

Encontre ——
ncontre ——
or
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Exemplo 5 — Solucédo

Pela regra da cadeia

Ow_owox  Owdy 0wds
or  OxOr 0Oydr 0z 0r
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Exemplo 5 — Solucédo

ow
0x

ow
dy

0z

Xyz

Ox
or

or
0z
or

% (r2 + 4s)

82 (2r — 3s)
,

0

o (rs) = s

2r
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Exemplo 5 - Solucdo

Ow _owdx  owdy  owo:
or  OxOr 0dyor 0z 0r

0 8
= yze* gl + xzexyz—y + xye® az
-

or or
x é?fg _+_ ézgi —+— é92:
yza Xz xS
eV (yz2r + xz2 + xys)
= %7 [2(2r — 35)(rs)r + 2(r* + 43)(rs) + (r* + 45)(2r — 35)s]

— V7 [2r23(2r — 3s) + 2rs(r* + 4s) + s(r* + 4s)(2r — 35)]
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Exemplo 6

t

Dada u:ln(xz—i—yz—i—zz) comx=¢,y=¢', z=t

u
Encontre —
dt

37/43



Exemplo 6 — Solucdo

Pela regra da cadeia

du_ouds  oudy  ouds
dt  Oxdt Oydt Ozdt
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Exemplo 6 — Solucdo

ou 0,4, 5 2x

ox ~ MY HR) G (Y =
Ju n 9 [, 2 2 2y
@zln'(xz—l—yz—i-z)@(x +y +Z) :m
ou 0 2z
U (2 2 2y 9 /2 2 2\ _

0z n(x+y+z)az(x+y+z) x2 4+ y2 4 22
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Exemplo 6 — Solucdo

a_de
dt  dt

d_y _det o
dt  dt

dz dt?
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Exemplo 6 — Solucdo

du 8udx+8udy+8udz
dt Oxdt Jydt 0Ozdt
2x d_x+ 2y d_y+ 2z dz
4y 2dt x4y 422dt x4yt 422 dt
2 dx dy dz
- 2 2 2 +y
X*+y +z Yar dt “dt
2

— m (xet — yeit + Zzt)

2¢% — 2e7% + 48
x2+y2+ 22
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Lista Minima

42/43



Lista Minima

Calculo Vol. 2 do Thomas 12% ed. — Secdo 14.4

1. Estudar o texto da secdo

2. Resolver os exercicios: 3, 5, 6, 10, 12, 14, 17

Atencao: A prova é baseada no livro, ndo nas apresentacdes
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