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Integracdo por Substituicdo Trigonométrica
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Substituicdo Simples

Calculando

F = /x\/a2 — x?dx
substitui¢do u=a —x* du = —2xdx xdx = ——

F:—%/\/ﬂdu
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Substitui¢do Simples — Problema

Calculando
F:/\/az—xzdx
[ 2 2 du
substituicdo u=a" —x du = —2xdx dx = ~ox
x

F:_l/\/a@: ?
2 X
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Segunda Tentativa

Calculando
F:/\/az—xzdx
substitui¢do x = asen() dx = acos(6)do

F= / \/a2 - (czsen(@))2 acos(0)do
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Segunda Tentativa

F= / \/a2 - (asen(@))2 acos(0)do

:/\/az(l — sen?(0)) acos(6)dd

= /az\/m cos(#)db a>0
:/azcosz(e)dﬁ S [—g,g]

= aZ/COSZ<9)d9



Segunda Tentativa

F = a2/cos2(9)d9

F= %2/ (14 cos(26))df cos®(a) = %(1 + cos(2a))

-5 (=) v c

2 2

2

_ %(9 +sen(0) cos(f)) + C

2

a x X
= > [arcsen (—) + —Va — xz] + C Justificativa em breve
a

a
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Transformacao Inversa

Substituicdo simples — a nova variavel é func¢ao da original
u=f(x)
Substituicdo inversa — a variavel original é funcdo da nova

x = g(u)

E necessario inverter g
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Substitui¢oes Trigonométricas

Expressao  Substituicdo Intervalo Identidade
Va2 — x? x = asen(6) —g <0< g 1 —sen®(0) = cos?(0)
va? + x? x = atg(h) —g <f< g 1+ tg?(0) = sec®(0)

x*—a®  x=asec(h) 0§9<§ ourm<l<— sec’(0) — 1 = tg*(0)
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Exemplo 1
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/m
e &

Calcule

Note v9 — x2 = /32 — x2

Substituicao inversa

x = 3sen(h) dx = 3 cos(0)db com -

NI
VAN
=
IN

AR
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V9 — x?
—dx
x

x = 3sen(f)

/9 — 2
/ 9sen 3 cos(0)do

9 sen?(0

[ 3%x34/1—sen?(0)
= / 5 ~on?(0) cos(#)db

/\/l—sen2 )6

p COS
sen
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/1 — 2
/ L~ sen )do 1 —sen?(0) = cos*(0)

2 COS
sen

/W

sen?(0
[ cos*(0)
B / sen?(0) o

= /cotz(ﬁ)dﬁ
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F= /cotz(Q)dG cot?(0) = cossec?(#) — 1
- /cossecZ(Q) —1d6 (cot())" = — cossec?(0)
=—cot(f) —0+C

Precisamos voltar para a variavel original x = 3 sen(f)

6 = arcsen <)—C>
3

F = —cot (arcsen (%C )) — arcsen (;—C) +C Forma ruim
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tet t
x=3sen() = sen(d)= T _ZEoopRe .e 0 Oporo
3 hipotenusa

Por Pitagoras, o cateto adjacente é v9 — x?

Portanto 3
x

cateto oposto

tg(0) = :
cateto adjacente
1 )
V9 — 22

cateto adjacente /9 — x?

cot () = =

cateto oposto x
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[

X2

dx = —cot(d) — 0+ C

,/9_ 2
= — * arcsen (g) +C
x

16/27



Exemplo 2
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Exemplo 2

Calcule / x arcsen(x)dx

Varios métodos serdo necessarios
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Exemplo 2 — Integral por Partes

F= / x arcsen(x)dx

Integral por partes

u = arcsen(x) dv = xdx
1 x*
du = dx V= —
V1—x? 2

2 1 2
F=uv— / vdu = x? arcsen(x) — 5/ Y i
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Exemplo 2 — Substitui¢do Trigonométrica

Resol / X
esolver X
V1 —x?

Substituicao inversa

x = sen(0) dx = cos(f)df com — g <0< g
x? sen?(0)
G= | —=dx= | ———====cos(0)df
/\/1—x2 /1 — sen?(0) ©)
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Exemplo 2 — Substitui¢do Trigonométrica

x2
dx
Vi
_sen®(d)
/1 —sen?(0

sen,(H)

\/cos?(0

_ / sen?(0)df

cos )do

6)do
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Exemplo 2 — Integral Trigonométrica

Calcular G = / sen®(0)do

Manipulacéo algébrica

sen®(f) = %(1 — cos(20))
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Exemplo 2 — Integral Trigonométrica

G= / sen?(6)df

1

— 5/ (1 — cos(26))db

_ % (0_ Sen§29)) L

2

+C

— %(0 — sen(f) cos(0)) + C
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Exemplo 2 — Desfazendo a Transformacao Trigonométrica

tet t
x = sen(f) = a0 OPOT0 0 = arcsen(x)

hipotenusa

cos(f) = V1 — x?

—_

X2 T
¢= / i
= %(0 —sen(6) cos(@)) V1—a?

1
=3 (arcsen(x) —xV1-— xz) +C
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Exemplo 2 — Retornando a Integral Original

F= / x arcsen(x)dx

x? (x) 1/ x? p
= —arcsen(x) — — X
2 2 1 — x2

? 1
= x? arcsen(x) — 2 (arcsen(x) —xV1-— x2> +C

x* 1 x
=32 arcsen(x) + Z\/l —x2+C

2
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Lista Minima
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Lista Minima

Estudar a Secdo 4.4 da Apostila

Exercicios:

Atencao: A prova é baseada no livro, ndo nas apresentacoes
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