Integracdo por Fragoes Parciais

11 de margo de 2026

Caso 1 — Fatores reais distintos

Luis Alberto D’Afonseca
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Objetivo e Preliminares
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Integrar funcoes da forma

_ P
T =4

onde P e Q sdo polindmios
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Polinomios

Se o polinémio P, de grau n,

Px)=ax"+bx"'+---+rx+s
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Polin6mios
Se o polindémio P, de grau n,
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P(x) =a(x —x)(x — xz) - - (x — x)
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Polinomios

Se o polindémio P, de grau n,

Px)=ax"+bx"'+---+rx+s
Possui n raizes reais distintas x;

P(x) =a(x —x)(x — xz) - - (x — x)
Se a raiz x; se repete p vezes

P(x) =a(x—x)(x — %) -+ - (x — x¢)P
Se P possui uma raiz complexa

P(x) = a(x — x1)(x — x3) - - (x* + bx + ¢)
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Integral Relevante
/ ! dx
x+a
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Integral Relevante

1
/ dx:/ldu u=x+a du=dx
X+ a u
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Integral Relevante
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Integral Relevante

1
/ dx:/ldu u=x+a du=dx
X+ a u

=Inlu|+ C

=In|x+a|+C
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3
+x
Integrar / x dx
x—1
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3
+x
Integrar / x dx
x—1

—M x)=x +x X)=x—
£ = 503 P(x) = x* + O(x) =x—1
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X+ x
Integrar / dx
x—1

—M x)=x"+x xX)=x—
£ = 503 P(x) =5+ Q(x) =x 1

Como o grau de P é maior do que o de Q, calculamos a divisdo

2
2
x)=x4+x4+2+ ——
f(x) p—
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x>+
/ X dx
x—1
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3
2
/x+xdx:/x2+x+2+ dx
x—1 x—1
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3
2
/x+xdx:/x2+x+2+ dx
x—1 x—1

x> X

=?+?+2x+21n|x—l|+c
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Integracdo por Fragoes Parciais
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Integracao por Fracoes Parciais

P(x)
Q(x)

Integrar f(x) = onde P e Q sdo polindmios
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Integracao por Fracoes Parciais

P(x)
Q(x)

1. Se o grau de P for maior ou igual que o grau de Q, dividir P por Q

onde P e Q sdo polinémios

Integrar f(x) =
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Integracao por Fracoes Parciais

P(x)
Q(x)

1. Se o grau de P for maior ou igual que o grau de Q, dividir P por Q

onde P e Q sdo polinémios

Integrar f(x) =

2. Fatorar Q(x)
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Integracao por Fracoes Parciais

P(x)
Q(x)

1. Se o grau de P for maior ou igual que o grau de Q, dividir P por Q

onde P e Q sdo polinémios

Integrar f(x) =

2. Fatorar Q(x)

3. Expandir f em fracdes parciais
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Q(x) é o produto de n fatores lineares distintos

Q(x) = (a1x + by) (ayx + by) - - - (anx + by)
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Q(x) é o produto de n fatores lineares distintos

Q(x) = (a1x + by) (ayx + by) - - - (anx + by)

Expansao
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x—3
x(x—1)(x+1)
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x—3 A B C

x(x—1)(x+1) x+x—1+x—|—1
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x—3 A B C

x(x—1)(x+1) x+x—1+x—|—1

~ A(x—1)(x+1) + Bx(x + 1) + Cx(x — 1)
B x(x—1)(x+1)
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x—3 A B C

x(x—1)(x+1) x+x—1+x—|—1

CA(x—=1)(x+1) +Bx(x+1) + Cx(x — 1)
x(x—1)(x+1)

x—2=A(x—1)(x+1)+Bx(x+1)+ Cx(x — 1)
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x—3 A B C

x(x—1)(x+1) x+x—1+x—|—1

CA(x—=1)(x+1) +Bx(x+1) + Cx(x — 1)
x(x—1)(x+1)

x—2=A(x—1)(x+1)+Bx(x+1)+ Cx(x — 1)
=x(A+B+C)+x(B—C)—A
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A=3
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A=3

B=1+C
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A=3
B=1+C
A+B+C=0
B-C=1
A+B+C=0
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A=3
B=1+C
A+B+C=0
B-C=1
A+B+C=0
A =3

3+1+C+C=0
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A+B+C=0
B-C=1
A =3

A=3

B=1+C

A+B+C=0

3+1+C+C=0
4

C=—-=-2
2
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A=3
B=1+4+C
A+B+C=0
B—-C=1
A+B+C=0
A —

3+1+C+C=0

4
C=—-=-2
2

B=1-2=-1
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x—3 A B C

x(x—1)(x+1) x+x—1+x+1
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x—3 A B C

x(x—1)(x+1) x+x—1+x+1

_3+-4 +-4
T x x—1 x+1
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x—3 _é B ¢
x(x —1)(x+1)

= — 4+ +
x x—1 x+1

3 -1 —2
— _+_ -

_x x—1 x+1

/ x—3 dxz/édx—/ ! dx—Z/ —dx
N (R R Al I o
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x—3 _A+ B + C
x(x—1)(x+1) x x-1 x+1

3 -1 —2
— _+_ -

Cx x—1 x+1

/ x—3 / dx—/ dx_z/ : dx
T x+1

Injx — 1| —2In|x+ 1|+ K

— 3 111|JC| -
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x—3 A B ¢
x(x—Dx+1)  x x-1 xt1
3 -1 —2
=+ o1

x x—1 x+1

/ x—3 /dx_/ dx—Z/ o dx
i x+1

Injx — 1| — 2ln|x+ 1| + K

= 3In|x| —

Z+K
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Exemplo 1
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24 o2x —1
Calcule / Xt 2x by
2x3 + 3x2 — 2x
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x*+2x—1
Calcule / + by
2x3 + 3x2 — 2x

O grau do numerador P é menor que o grau do denominador Q
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x*+2x—1
Calcule / + by
2x3 + 3x2 — 2x

O grau do numerador P é menor que o grau do denominador Q
Fatorando Q

Q(x) = 2x*> + 3x* — 2x
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x*+2x—1
Calcule / + by
2x3 + 3x2 — 2x

O grau do numerador P é menor que o grau do denominador Q
Fatorando Q
Q(x) = 2x*> + 3x* — 2x

:x(2x2~|—3x—2)
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x*+2x—1
Calcule / + by
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Fatorando Q
Q(x) = 2x*> + 3x* — 2x
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x*+2x—1
Calcule / + by
2x3 + 3x2 — 2x

O grau do numerador P é menor que o grau do denominador Q
Fatorando Q
Q(x) = 2x*> + 3x* — 2x

:x(2x2~|—3x—2)

—xZ(x—%) (x+2)

=x(2x—1)(x+2)
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x*+2x—1
Calcule / + by
2x3 + 3x2 — 2x

O grau do numerador P é menor que o grau do denominador Q
Fatorando Q
Q(x) = 2x*> + 3x* — 2x

:x(2x2~|—3x—2)

—xZ(x—%) (x+2)

=x(2x—1)(x+2)

Caso 1 - Fatores lineares sem repeticao
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x4 2x—1 A B C

==+ +
2x34+3x2—2x x 2x—1 x+2
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X2+ 2x—1 A B C

2x° +3x% — 2x  x +2x—1+x+2
Multiplicando por 2x* + 3x* — 2x = x (2x — 1) (x + 2)
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X2+ 2x—1 A B C

2x° +3x% — 2x  x +2x—1+x+2
Multiplicando por 2x* + 3x* — 2x = x (2x — 1) (x + 2)

x*+2x—1=A(2x—1)(x+2) + Bx(x +2) + Cx(2x — 1)
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X2+ 2x—1 A B C

2x° +3x% — 2x  x +2x—1+x+2
Multiplicando por 2x* + 3x* — 2x = x (2x — 1) (x + 2)

x*+2x—1=A(2x—1)(x+2) + Bx(x +2) + Cx(2x — 1)

= (2A+B+2C)x*+ (3A+2B— C)x — 24
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X2+ 2x—1 A B C

2x° +3x% — 2x  x +2x—1+x+2
Multiplicando por 2x* + 3x* — 2x = x (2x — 1) (x + 2)

x*+2x—1=A(2x—1)(x+2) + Bx(x +2) + Cx(2x — 1)
= (2A+B+2C)x*+ (3A+2B— C)x — 24
2A+ B+2C=1
3A+2B— C=2
—2A =1
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X2+ 2x—1 A B C

2x° +3x% — 2x  x +2x—1+x+2
Multiplicando por 2x* + 3x* — 2x = x (2x — 1) (x + 2)

x*+2x—1=A(2x—1)(x+2) + Bx(x +2) + Cx(2x — 1)

= (2A+B+2C)x*+ (3A+2B— C)x — 24
2A+ B+2C=1
3A+2B— C=2
—2A = -1

1
5 10
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2 1 9% 1 1 1 1
/ X ex dx:/ﬁ—i- k — 10 dx
2x3 4+ 3x2 — 2x X 2x—1 x+2
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Exemplo 1
2 1oy 1 1 1 1
/ X ex dx:/ﬁ—i- k — 10 dx
2x3 + 3x% — 2x x 2x—1 x+2

1 1 1 1 1 1
——/—dx+—/ dx — — dx
2 X 5 2x —1 10 x4+ 2
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Exemplo 1
2 1oy 1 1 1 1
/ X ex dx:/ﬁ—i- k — 10 dx
2x3 + 3x% — 2x x 2x—1 x+2

1 1 1 1 1 1
——/—dx+—/ dx — — dx
2 X 5 2x —1 10 x4+ 2

1 1 1
= -1 —Inl2x — 1| — —1 2 C
; n|x| + T n|2x — 1 o njx + 2| +

17/24



Exemplo 2
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Exemplo 2

Calcule / sen () dx
cos?(x) — 3 cos(x)
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Exemplo 2

Calcule / sen () dx
cos?(x) — 3 cos(x)

u = cos(x)
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Exemplo 2

Calcule / sen () dx
cos?(x) — 3 cos(x)

u = cos(x) du = —sen(x)dx
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Exemplo 2
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Exemplo 2

Calcule / sen () dx
cos?(x) — 3 cos(x)

u = cos(x) du= —sen(x)dx = sen(x)dx = —du

/ cosz(xs)eri(?cos(x) dx = - / u? i 3udu
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Exemplo 2

Calcule / sen () dx
cos?(x) — 3 cos(x)

u = cos(x) du= —sen(x)dx = sen(x)dx = —du

/ cosz(;)eri(?cos(x) b= _/ u i = _/ u(ul— 3) du
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Exemplo 2

Calculando / ! du
u(u—3)
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Exemplo 2

1
Calculando / ——du
u(u—3)

Por fragdes parciais — caso 1

1 A B

u(u—3) u+u—3
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Exemplo 2

1
Calculando / ——du
u(u—3)

Por fragdes parciais — caso 1

1 A B

u(u—3) wu * u—3
Multiplicando por u(u — 3)

1=A(u—3)+ Bu
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Exemplo 2

1
Calculando / ——du
u(u—3)

Por fragdes parciais — caso 1

1 A B

u(u—3) wu * u—3
Multiplicando por u(u — 3)

1=A(u—3)+Bu=(A+Bu—3A
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Exemplo 2

1
Calculando / ——du
u(u—3)

Por fragdes parciais — caso 1

1 A B

u(u—3) wu * u—3
Multiplicando por u(u — 3)
1=A(u—3)+Bu=(A+Bu—3A

Resolvendo o sistema

1 1
A=—-- B=-
3 3
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Exemplo 2

/ u(ul— 3) du = / _;/3 + ulfs du
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Exemplo 2

/ u(ul— 3) du = / _;/3 + ulfs du

21/24



Exemplo 2

/ u(ul— 3) du = / _;/3 + ulfs du

1 1 1 1
=—— [ —d — d
3/u u+3/u—3 “

1 1
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Exemplo 2

/mdu:/_;/ngulfgdu

1 1 1 1
=—— [ —d — d
3/u u+3/u—3 “

1 1

1 u—3
=—-1In
3

u

e
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Exemplo 2

/ cosz(xs)eli(;f)cos(x) de=- / u(ul— 3) o
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Exemplo 2

/ cosz(xs)eli(;f)cos(x) de=- / u(ul— 3) o
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Exemplo 2

/ cosz(xs)eri(?cos(x) dx = _/ u(ul— 5
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Exemplo 2

/ cosz(xs)eri(?cos(x) dx = _/ u(ul— 5
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Lista Minima
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Lista Minima

Estudar a Secdo 4.5 da Apostila

Exercicios:

Atencao: A prova é baseada no livro, ndo nas apresentacoes
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